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Abstract. Thenuclear equation inthe Born—Oppenheimer scheme for electron—ion bound statesis
solved by a method that ensures that the nuclear part compensates for the geometrical (Berry) phase
in the electronic part and that the total wave-function is single valued. The compensation occurs in

a manner that keeps the energy of the state continuous even across a ‘topological transition’, i.e. for
a change of parameters that removes the electronic degeneracy. The method ties the phase to the
behaviour of the nuclear part near the conical intersection of potential surfaces. The consistency
of the method is illustrated bedankenexperimeritsa non-symmetric Jahn—Teller situation and

a spin—orbit coupled doublet.

1. Introduction

Though the geometric or Berry phase is one of the most easily describable and demonstrable
findings of modern physics, there are still some mystifying features in it [1-4]. In this note we
shall limit our attention to quantal, molecular manifestations of the phase, with time reversal
symmetry [5] (rather than classical or magnetically induced ones [6, 7]). Moreover, we shall
dwell on the archetypal modeF ® ¢ (the doubly degenerate electronic state interacting
with a twofold vibrational mode), which gives rise to a conical intersection between adiabatic
potential energy surfaces [8-12].

From the beginning, the role of degeneracies was regarded as essential (and even
mandatory) for the existence of non-zero geometric phases (e.g. in section 3 of [1]). (In the
discussion section we shall touch on the question of degeneracies for extended systems. This
addresses the more recent discoveries of the phase in the electronic band-structure [13], in
macroscopic polarization in solids [14-16].) Originally, in a molecular context, Longuet-
Higgins [17] (and later Stone [18]) tied the multi-valuedness of an electronic wave function
to the existence of degeneracy in the parameter space that is encircled by the system before it
returns to its starting configuration.

However, the electronic wave-function is only one part of the quantal state of the material
system. The other is the nuclear wave-function. This, or better its combination with the
electronic part, has been the subject of humerous studies, both in solid state physics and
molecular gas dynamics, especially with reference to the different procedures (adiabatic, non-
adiabatic etc) used for disentangling the electronic from the nuclear motion [8,19, 20]. In
these, recent studies (which form the stepping board for the present work) it was found that in
cases where an electronic degeneracy was involved, the choice of the procedures had immediate
consequences in the calculation of molecular scattering cross-sections [21-24].
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In previous studies in the literature it was made clear that the possibility of many-
valuedness existed only for the electronic part (e.g. [9]). On the other hand, the full wave-
function (including all dynamical variables: those of the electrons and of the nuclei) had to be
single valued in space, this requirement being fundamental in quantum mechanics, on which
many quantization rules hinge (at the very least in a singly connected space, such that the
particles have access to all points of the space). This means that the multi-valuedness of the
electronic part has to compensated by a similar multi-valuedness of the nuclear part. The latter
is usually achieved by taking a non-integral value of the angular momentum associated with
the nuclear vibrational motion [9, 12].

One of the issues which will be addressed is how the single valuedness of the total wave-
function is maintained as the location of the electronic degeneracy becomes displaced outside
the closed trajectory of the nuclear motion. Then the nuclear part is also single valued, which
would, by the foregoing considerations, require an integral angular momentum. But a finite
change (e.g. from half-integral to integral value) in the angular momentum implies a finite
change in the energy of the system. If we now go continuously from a degenerate situation
to an infinitesimally close, non-degenerate situation, we reach the absurd conclusion that an
infinitesimal cause (with almost no energy expenditure) engenders a finite energy change. We
recall that in a magnetically induced Aharonov—Bohm effect the energy balance was shown
to be ensured by the torque working on electrons [25]; in the molecular situation no similar
compensation mechanism appears possible. The removal of degeneracy (hamed ‘topological
transition’) was previously considered for the electronic part only [26].

In the next section we write out the nuclear equation [8, 19] and, applying a transformation
introduced and used earlier [12,27], we show that the energy of the system is (nearly)
unchanged in a minute displacement of the degeneracy and that the single valuedness of
the total wave function is ensured by the continuous variation of the phase.

2. The nuclear equations

As in earlier works [12,28] we denote the pair of electronic and nuclear components,
respectively, by1(r; @), ¢2(r; @) and byxi(q), x2(q) with r andq being the coordinates for
electronic and (small amplitude) nuclear motions. (Several nuclear coordinates are implied by
the (bold type) vector notation.) The total wave function is then

Y@ =Y xi@(r;q) (1)
i=1,2
in which the electronic parts are solutions of the equations
Hagi(r; @) = Vi(@)&i (r; ) (i=12). (2)

The electronic Hamiltoniat#,; is a 2x 2 matrix operator, depending parametrically on the
nuclear coordinates. THeé are adiabatic potential surfaces.

The nuclear equations are coupled differential equationgfandy, involving the nuclear
massM, coordinateg; and the conjugate derivative operat®€: = 1). For their derivation
and general form we refer to [8, 19, 27]

[—@M) Y (V2 + D)+ Vi — Eljp — (M) 123 Vo — @M) 105 x2 = 0 3)
[—@M) Y (V2 + 1) + Vo — Elx — (M) 12 Vi — @M) 107 x1 = 0 (4)
where
15 =~ = {alVIE) = —pPry) (5)
15 = =" = (IV2|¢o) = —pPrd (6)

2 2 2
02 = (tlV35) = 155 -
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The phase factop ensures ‘parallel transport’ and is 1 for real electronic functions, but is
complex for certain complex ones, such that it cannot be made real by a gauge transformation,
as will be given in section 3.2. The asterisk denotes complex conjugation.
To solve (3) and (4) we set first

X = x1tipxe ()
(A second solution is obtained by changing @) By adding up equation (3) an@ times
equation (4) we derive

(=V2—i(0) BV —i(p) D — 1D —wix +8=0 8
where

w=2M(E — V).
The last term given by

8 =2Mi(Vo— Vi) xz ©)

is small near the degeneracy, whéte= V;. Now, we expect that the topological properties

of the solution (e.g. its multivaluedness) are determined near the singularity [17]. Therefore,
following [12,27, 28], we temporarily proceed withofit Next we assume a WKB type
solution, of the form

X = eXp<i /F Q) 'dq) (10)

where the integration is along a pdthconnecting the initial and final points in the nuclear
coordinate space. We now substitute equation (10) into equation (8), neglect in the spirit of
WKB derivatives ofQ and obtain

Q*+2(0) "1 Q — (0) 'y — 1 —w =0, (11)
The solutions to this equation are
Q =~y VI )+ (0) g + g +ul. (12)

This is a general result, valid semiclassically, whose quantum mechanical interpretation is that
the exponential in (10) has to be summed for all paths (in the manner of path integrals). The
presence of the potenti&} in w will cause classically likely paths to be weighted strongly
and to add up constructively.

3. Applications

We shall now examine the solution in the previous section for two cases, in which the nuclear
motion (not necessarily cyclic) is confined to a circle in a plane. The nuclear coordinates
g2 are then naturally written ag, ¢) where

g1 = q COS¢ g2 = qsing.

3.1. A shifted Jahn—Teller system

The electronic Hamiltonian is an asymmetric modification of the linear Jahn—TelleEcase
[8,10], and is shown below in a traditional form:

—(kgcosp —a) kgsing — B ] (13)

Hi = Euip [ kgsing — B kqcosp —a
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(E,i» is @ an energetic measure of the cohesion between the nuclisi.a dimensionless
electron—vibration coupling constary. is also dimensionless.) The separation between the
pair of adiabatic potentials arising frof is in units of E,;;,

2Vi(¢, q) = 2lk|/[(q cosp — a)® + (g sing — b)?] (14)
where

a=ua/lk| b = B/|k| and (for future usey = tan (a/p). (15)
States:
t1(r;q, ¢) = {[Ikl(q cosp — a) + V1] ((l)) +[|k|(g sing — b)] (2) }

x{[|k|(g cosp — a) + V1]* + [|k|(g Sing — b)]?} /2
cari . ) = { = [kiGqsing 0] ( 5 ) +1kiGq oss —ar +vil () |

x{[1k| (g cos¢ — a) + Vi]? + [k|(g Sing — b)]?} 2.
The condition for a degeneracy to lie inside the ciggle: constant is that

V(@ + %) < lkq| (16a)
or, by virtue of (15)

J@@+b?) < g (160)
and then the point of degeneracy (conical intersection)ds-atn (= tan1(b/a))

q=y@+p)/kl  (or @ +b’) =q). 17

This result exemplifies the statement that conical degeneracies are not necessarily due to
symmetry [17].

We now add toH; a (diagonal) guiding potential that confines the nuclear motion to a
circular pathg = go. (Guiding potentials appear in many situations; e.g. in the Aharonov—
Bohm effect [7].) Then the only remaining nuclear coordinatgis and the derivativé/ in
the previous section is simp{¥/d¢)/qo. Evaluating the quantities (5) and (6) from the states
¢1 andg, shown above, we find

p=1
(since the electronic states are real) and
715 = (61(; qo, 9)13/981¢2(; go, $)) /g0 = (L — [(@® +b°) — qoy/(a® +b?) cos¢ — )]

[lad +a® + b — 2q0/(a® + b®) coslep — )]}/ 2qo. (18)
and moreover, it is shown in [19] and [20] that

5 =T (19)
and

uy =71 (20)
where

1o = (1/q0)3/3¢ (1}3). 1)

We substitute these results in equation (12) to obtain a simpler expression
Q=—13 =+ /(t],+w). (22)
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Since we wish to see what happens to the wave-function as the degeneracy is lifted from
the system, we evaluate (19) at near-degeneracy, namely when the parafmetkt is
approximately 1. From the expressionsnﬁ) given above it is apparent thaf, is zero

and analytic at and near the degeneracy. Thus, we obtain

¢
X £ (@) ~ expli /O Ao/t (¢)) = i/ )] go. (23)

For any choice of the energy or w such thai,/w)qo is an integerindependentlypf whether

the system has or has not a degenera@y) has the right property of multi- or single valuedness
(needed to match the analogous property of the electronic part). This arises from the integration
of the result (19) (e.g. using formula 3.613 in [29]), between 0 ando2give

%0 / A @)= for @+ < go 24
=0 for \/(a® +b?) > qo. (24)

Thus, the energy does not change discontinuously as thegitelgg along which the electron
moves crosses the point of degeneracy. Clearly the nuclear factors compensate for the sign
change in the electronic wave-function, as required, and this occurs for any value of the energy
E of the electron—nuclear system. This ensures that, Gedankenexperimenthere the
inequality in (24) passes smoothly into that in’j2dy a continuous change in the parameters

(k, a or b) of the Hamiltonian, the total wave-function maintains the correct single valuedness,
without a jump in the energy.

As an alternative to the preceding method, for solving the coupled nuclear equations (3)
and (4), it might be tried to uncouple them by neglecting the last two terms (those involving
712). This approximation is termed the ‘single-surface’ approach in [27]. In equation (11) for
0, itis equivalent to the neglect of the middle two terms. Tigeis, for a general value aof,

a continuous function of the parametéra andb (enteringw through the adiabatic potential

V1). As a consequence, to perform the compensating switch in the nuclear phase angle, the
energy must change discontinuously as the potential changes smoothly. This is an unsavoury
situation and unlike the magnetic case [25] it is difficult to envisage an energy-balancing
mechanism that can justify it. The source of the difficulty underlying this approach is;that

is singular aly = 0, and therefore cannot be neglected. Our approach, while approximative
in other respects (namely by the neglecs af equation (8)), keeps, properly.

3.2. A spin—orbit coupled doublet

While the previous example was relatively simple in tﬂ%’[ was essentially the derivative of

the transformation angle<p /2) divided byg, in the following example, due to Stone [18], this

is no longer so. The spin—orbit coupling between the orbital doublet, whose strength may be
positive or negative and of any magnitude, causes the adiabatic electronic wave-function to be
complex. The electronic phase change (the Berry phase) round the closed+4oopnstant

in the nuclear parameter plane is according to [18]

Q=n[l-y/JKq*+y?)] (25)

and differs from a simple sign change. The question to be explored is whether the phase change
in the nuclear part (not treated in [18], or elsewhere) compensates the electronic phase change
Q and whether it does so continuously as the parameters of the Hamiltoniak, (e)gare

varied.



1064 R Englman and M Baer

Keeping as far as possible to Stone’s notation, but retaining the column vector
representation for the electronic base, we write for the electronic wave function components
perturbed by the spin—orbit interaction

, CH+isS
/ S+isC
vi=e=( 500 @7)
where we have introduced the abbreviated notations:
s = Ssina ¢ = COSu (28)
with
tanx = y /kq (29)
S = sin(¢/2) C =cog¢/2). (30)

Further electronic wave-functionB; (¢) and W,(¢) were introduced in [18], that have the
property of parallel transport, namely

(W()](0/0¢)¥(¢)) =0
and that differ fromy; andy, by phase factors. A simple calculation shows that

Vi) = p~ 2y (31)
and

Wa(¢) = p*Y (32)
where the phase factgrintroduced earlier in (5) is given by

p = expli¢ sin 2x) (sin2x = y//(kK®q* +y?)) (33)

=(pH"

It is now straightforward to calculate the quantities entering the nuclear equations:

75 = (V1| VW) = pk/2/(k%q* + y?) = =13 (34)

75 = (W1 V2|W2) = ipyk/[2q(K*q" +v?)] = —157". (35)
Moreover,

D=0 (36)

oy =153 = —k*/(KPq* + 7). (37)

We can now substitute these quantities into the solution of the nuclear equation for circular
motion in the §, ¢) plane (equations (10)—(12)). The angle independence of these quantities
makes the angular integration in the exponent in (10) trivial and one obtains the following

nuclear function:

x = expip/2{kq//(K*q* +y?) + JIBMq*(E — V1) + ykq/(2(k*q* + y*))]}. (38)

(There are further solutions with different signs in the exponent. The following considerations
are unaffected by these differences.)

We have noted above in equation (25) that the phase of the electronic component changes
in a cycle ¢ = 2r) by the angle

Q=n[l-y/JKq*+y?)]. (39)
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The choice of an appropriate enerfyntroduces a compensatory change in the nuclear factor
and ensures the one-valuedness of the total wave-function. For our purposes it is essential to
note that, as either the spin—orbit coupling strengthcontinuously varied (e.g. by a suitably
oriented application of pressure on the system), or the paraiistaitered, the energl will
adjust continuously, as it should.

The situation is quite different in the ‘one-surface’ approximation, when we investigate
how the energy adjusts in the limits (already considered by Stone [18]) of very graatly.
In this approximation one neglects in (3) termsynor equivalently in (11) the second and
third term containing;,. Then one obtains

Q=@ +w).
When we substitute this in (10), using (37) we obtain
x (2m) = expli2n /[2M(E — V1)q? — k?q?% ) (k*q® + y?)]}. (40)

Here the energ¥ is to be so chosen as to compensate the multivaluedness of the electronic
phase in (39). Evidently this can always be done. However, let us examine the exponent for
the case where firgy | is arbitrarily small and theikq| decreases (by shrinking the orbit) to
|y| and below it. Clearly, for a minute variation of the parametethe negative term will
make a finite jump betweenl and 0. Then alsg@?E will make a finite jump (to maintain the
single-valuedness of the total wave-function). But, sipiself is arbitrarily small, this means
that E (which is an observable) makes an infinitely large jump under a continuous change of
the Hamiltonian.

We conclude from the examples 3.1 and 3.2, that the single-surface approximation fails
in describing the topological properties of the combined electron—nuclear system, precisely
where the treatment of [12, 27, 28] gives consistent answers.

4. Discussion

We have shown, by detailed study of the cases above, that consistency in the single valuedness
ofthe total wave-function can be achieved by tracing the phase near the degeneracy. Thisideais
of course germane to the works of Longuet-Higgins and Stone for the electronic wave-function
component.

The approach was tested on a model which possesses a conical intersection with
resemblance to alH{—H, scattering configuration [28]. A numerical study using our
(approximative) approach, namely that based on our equation (8)éwith 0, has given
probabilities for the reactive state-to-state transitions that are very close to the exact ones (our
equations (3) and (4)). (e.g. with a collision energy of 2 eV the A transition probabilities
are 0.082 and 0.083 in the two methods respectively, table 1l in [28]. For comparison, the
lower potential at its lowest is 5 eV below the upper one and the intersection lies at 3 eV.)
Also the selection rule for 8> 1 as an allowed transition by both methods contrasts with the
forbiddenness in the ‘single-surface’ method. Likewise (as seen in table IV of [28]), inelastic
scattering probabilities computed with the approximative approach gave good quantitative
agreement with exact computations, unlike the ‘single-surface’ method. (For the @
transition the values are 0.029, 0.030 and 0.185, respectively.) In a different paper, the cyclic
integral ofz\3' calculated for the triatomic molecule Giias found to depend on the distance
from the singularity, approaching with decreasing distance [3]. This supports our taking
7\ as a derivative coupling, as in equation (34), near the intersection point.

At the same time, the effect of neglectidigaway from the intersection needs to be
investigated. In a perturbational approach the first-order perturbation correction to the energy
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raises the energy of the upper compongpnby just the right amount. The corresponding
(first-order) correction to the wave-function

Sx2= Y (x:18)x:/(E — E,) (41)

(in which the summation runs over all solutions of (3) and (4)), exceptifiganishes due to

the orthogonality of ex@r¢) for integerr. Higher order corrections and the convergence of

the corrections need to be investigated. Itis clear, however, that the topological properties of all
terms are the same as those@br x,. Thus it can be claimed that the method of neglecting

is appropriate for establishing the topological features of the wave-function, while incomplete
as regards to the functional form of the solution (e.g. when the dependence on the radial nuclear
coordinatey is reinstated).

In the issue of degeneracy, one source of the difficulty is that the geometrical phase angle
relates to (and is conventionally expressed in terms of) a single wave-function [1], so that
a partner wave-function, with which the former might be degenerate, seems uncalled for.
However, as noted on p 901 of [15], ‘Within a finite system, two alternative descriptions
[in terms of the squared modulus of the wave-function, or in terms of its phase] are equivalent’
and, moreover, we have elsewhere given integral relations that show that when the geometrical
phase (more precisely, the ‘connection’) varies with time, so does the squared modulus (and
vice versa) [30]. Now, the change of the latter implies the presence of at least one further
wave-function component (which takes up, or supplies, the change in the modulus so that the
norm is time independent, e.g. 1).Thus, one expects thatlfdinite systems, a degeneracy
with some of these components will occur somewhere in the relevant portion of the parameter
space. (As an example, Resta invokes other wave-function components to prove the gauge
invariance of the geometrical phase, equation (44) in [15].)

Acknowledgments

We thank Professal E Avron for a helpful remark and Professor J Zak for discussion.

References

[1] Berry MV 1984 Proc. R. SocA 39245
[2] Aharonov A and Anandan J 198hys. Rev. Let68 1593
[3] Matsunaga N and YarkgrD R 1997J. Chem. Physl07 7825
[4] Avron JE and Berger J 1998hem. Phys. Let29413
[5] Yardeni D R 1996Rev. Mod. Phys68985
[6] Klyshka D N 1993Sov. Phys.—Us86 1005
[7] Hamilton J 1997Aharonov—Bohm and other Cyclic PhenoméBarlin: Springer)
[8] Englman R 1972'he Jahn—Teller Effect in Molecules and Cryst@ichester: Wiley)
[9] Ham F S 198Phys. Rev. Let68725
[10] Zwanzige J W and GrahE R 1987J. Chem. Phys37 2954
[11] Baer M and Englman R 199¢0l. Phys.75293
Baer M and Englman R 199Chem. Phys. Let265105
[12] Baer M 1997J. Chem. Physl0710 662
[13] Zak J 198%Phys. Rev. Let622747
[14] King-Smith R D and Vanderbilt D 199Bhys. RevB 47 1651
[15] Resta R 1994&Rev. Mod. Phy$6 899
[16] Resta R 199®hys. Rev. LetB0 1800
[17] Longuet-Higgirs H C 1975Proc. R. SocA 344147
[18] Store A J 1976Proc. R. SocA 351541
[19] Baer M 1975Chem. Phys. LetB5112
[20] Baer M 1980Mol. Phys.401011



[21]
(22]
(23]
[24]
[25]
(26]
[27]
(28]
[29]
(30]

Geometric phase 1067

Pacher T, Cederbaul S and KoppER H 1993Adv. Chem. Phy®84 29

Kuppermann A and Wu Y-S M 1998hem. Phys. LetR05577

Markovic N and Billing G D 1944J. Chem. Physl001089

Child M S and Longuet-HiggimH C 1961Phil. Trans. R. SocA 254259

Peshkin M, Talmi | and TassiL J 1961Ann. Phys., NY.2 426

Lianda-Geller Y 1993hys. Rev. Let#1 657

Baer R, Charutz D M, Kosloff R and Baer M 1996Chem. Physl059141

Charutz D M, Baer R and Baer M 19@hem. Phys. Let265629

Gradshten | S and RyzHi | M 1980 Tables of Integrals, Series and Produdth edn (New York: Academic)
Baer M, Yahalom A and Englman R 1998Chem. Physl096550



